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INTRODUCTION
This report presents an analytical method for the calculation of the flow field in a nearly circular duct with relatively gradual changes in cross-section. Due to simplifications introduced by means of the transonic law of similarity, the method in its present form would be restricted to flow fields with Mach numbers close to unity.
The investigation was initiated in connection with a plan for modifying the 10-Foot Wind Tunnel at Wright-Patterson Air Force Base. It was intended to vary the cross-sectional area with small inserts, rather than by a variation of the radius. A method was evolved to obtain the magnitude of deviations from the ideal parallel flow which might be caused by such an insert design. Before the actual computations were made the design was modified* However, the method itself is of interest, in that there are many other applications. An application, referring mainly to a modified test section design, will be given in the second part of this report.
The present analysis begins with a basic flow as given by onedimensional theory. Any deviations from the basic flow are considered small, so that they can be determined by a linearised partial differential equation. The general solution to the differential equation is expressed by the superposition of particular solutions, each of which is the product of a Bessel function dependent on the radial distance y from the duct axis, a trigonometric function of the angular position «, and a function of the axial position, x. Of special interest is the last function which is influenced by the duct shape.
If one is interested only in supersonic flow analysis, an alternate method of computation is the well-known method of characteristics. The method Of characteristics is more general, in that the condition of a slow change in cross-section is not required. The method of characteristics for three dimensions is similar to the present method in the requirement of a nearly circular cross-section. The major advantages of the present method are that the subsonic influences can be determined and that being essentially more analytical, a better picture of the flow behavior in general cases may be obtained. In some cases, depending upon the duct shape, the solutions can be obtained in a less tedious manner.
Briefly, the report starts with the simplification of the general flow differential equation by means of the transonic law of similarity. Then a general method of solution is developed, and finally this result is applied to some specific example.
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SECTION II THEORETICAL CONSIDERATIONS
Simplification of the Plow Differential Equation Near the Sonic Speed
This analysis is based on a cylindrical coordinate system (Figure 1 ). Let the x axis be the duct center line, y, the radial distance from the x axis, and <*> , the angular position measured clockwise from the vertical position. The velocity potential is denoted by $ . Partial derivatives are denoted by subscripts (i.e., «.= <|>-)
The general three-dimensional equation for a steady potential flow (derived in Appendix A) is given by 
The Pressure and Density Relations
The new potential term <P(x,y)is directly related to the velocity.
However, one may be interested in the pressure and density relations at various positions along the duct. Bernoulli's law for compressible nonviscous gases is given by
The last terra is negligible, based on earlier assumptions. Because AU.= <P U a. , one can write The boundary condition of aero flow normal to the duct surface must be fulfilled. If the differences from the sonic velocity are small, this condition is expressed as (The derivation may be found in Appendix C). 
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The functions «^(irt and a*,*«) ( V -1, 2, 3 . . . ) must be determined in such a way that the differential equations for <D (Equation (1.12) is fulfilled. Inserting this hypothesis into Equation 
Further simplifications are made using Equation (1.11+) with Equations (1.19) and (1.20), respectively. (Derivation may be found in the Appendix E). Also, (i.2s) 1,^ = I" S" r (y) y <»y = XOv V)
From Equations (1.21+) and (1.27), and the boundary conditions which will be given later, the values of o.«^.can be found. The resulting expression for the perturbation potential (Equation (1.17)) is written in a more convenient manner if one expresses the 1/2 y^ and ^ y v by means of Z Sffc and 2^ .
( One might ask why the hypothesis (Equation (1.32)) was not used from the beginning instead of Equation (1.17). The reason is that the second derivative with respect to y does not converge (because of the character of the function y w ). Therefore, all of the considerations regarding the fulfillment of the differential equation for C^ would have been meaningless.
Method of Solution
The solution of the perturbation functions <*-v/* for the differential equations (1.33) and (1.3i\) is found for any duct, within the defined limitations, by means of numerical integration. For suitable configurations, analytical solutions can be found. In some cases, a piecewise analytical solution may be satisfactory. In any case, the pressure distribution along the axis is influenced only by the expressions with V -0, since the nature of higher order Bessel functions is such that there is no effect along the axis.
Deviation from a parallel flow are found from <P^. The only expressions which are of Importance along the axis are those for V ■ 0 and » ■ 2. Actually, an infinite number of terms are needed to describe the flow completely, but the higher terms in »*• and v are very small and are of influence only close to the wall.
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Conditions for the Solution of Equations (1.55) and (1.5li) Equations (1.55) and 0-»3k) are of the second order, and consequently the solutions must be determined by two boundary conditions. The first condition is obvious. With the assumption of a subsonic duct extending to negative infinity, one may assume that the values of the perturbation terms <x. v~ should vanish as one approaches negative infinity.
The character of the second condition is less obvious. One may first ask at which point such a condition might be given. Certainly it cannot be a point in the supersonic region, for the fulfillment of the condition will affect the entire solution, including points upstream of the point where the boundary condition is given. Since this would violate the law of the forbidden signals, the location of the other condition should be expected to be in the subsonic region. Actually, mathematical reasoning leads to the location of the boundary condition at the narrowest cross-section. If one rewrites Equations (1.53) and (1.31*) in such a way that the coefficient of the highest derivative of the term o.*^ is one, the coefficients of the other terms become singular at the sonic velocity. The solution of the differential equation may be singular at any point where these coefficients are singular.
Consider now only the solutions of the homogeneous part of the differential equation, since the influence of change in the arbitrary constants and consequently, the influence of the boundary condition is limited to that part. Let the basic flow velocity be represented by ^B#-X • Then the two linearly independent solutions of the homogeneous differential equation are represented by (1.55) <£y> = P (*) (1.56) O^ = X"* p(*) where P denotes a power series of x, which starts with the absolute terra.
As the term *$&* approaches zero (at the throat) we have Si >° . Then the expression o. Vr , f r0 m Equation (1.56) will tend to infinity as "*.•*■ O . Since this is physically impossible, the second condition is that remains finite at the throat. In Section A, the duct is cylindrical and consequently the radius, slope, and <$* % terms are (2.D r=Yv-»+ -f% (the value of ^ can be seen from the subsequent formula (2.1*)). 
5^ ~ ec*<u+i)3t
Equation ( The constants C,^, C^ , C-jj». , . . . . and C^ which occur in the solution for the functions o*"* , are found by equating the solutions of o*** * 6 iven ^ Eq ua^i ons (2.15), (2.21), and (2.28) and their first derivatives for the points of junction. Furthermore, there are the conditions that (X*^ remain finite at the throat and that they vanish as x tends to -©o .
iff
The condition that a 0^ tends to zero for * "* ~ °° , according to Equation (2.15) yields Junnediately (2.31) C^ = 0
The condition that °>o^ is finite at the throat requires that the coefficient of N 0 in Equation (2.21) is zero. 
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The -values of E^jE-x^ , ^sp. , and E^^ are determined by- Equations (2.12), (2.13), (2.17), and (2.1S) , respectively. The junction constants C 3>fc , C S w. , and C e>L are obtained by means of Equations (2.33), (2.31;), and (2.35), respectively.
Of special interest is the velocity distribution along the axis of the duct. The x-velocity terms found from one-dimensional theory are given by Equations (2.3), (2.6) and (2.9). The additional x-velocity along the axis caused by the perturbation potential (^ are found from Equation (1.32). Since 3 % («) = |, one obtains (2.36) $ x = ^ a.%1 Figure 6 shows the *-», values through Section B for % 0 --,0t,-.o2 -.o*,-In spite of appreciable initial flow deviations at some distance upstream from the throat, the effects are hardly noticeable at the minimum cross section and in the supersonic region. A corresponding behavior is found for the terms a % J, a*' , etc. Accordingly, even extreme changes in the subsonic region are without importance for the supersonic region. 
A Remark on the Application to a Non-Symmetric Configuration
Although no examples of the application for an unsymmetric flow are carried out, an idea of the procedure will be given. The shape of the duct must be expressed according to iäquation (1.6). For instance, one must carry out a harmonic analysis of the function r(x,w) with respect to «0 for various values of x. This can be done by a numerical or analytical evaluation of the integrals (1.6a) and (1.6b), or by means of a harmonic analyzer . Then the values of d-v are found from Equation (1.9). Following this preparation, the procedure can be carried out in the same way as for an axially symmetric duct.
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Solution with <Pg« as A Function of % A solution of the differential equation is determined for the coefficient <9e-* as a power of the longitudinal position. The solution and its derivation will be found in the Appendix (Section IV, Part F).
Concluding Remarks
A method for the analysis of transonic flow through a nearly circular duct with only gradual changes in cross-section has been derived. One is finally lead to the solutions of ordinary linear differential equations. (Equations (1.33) and (l.3l*) ). These solutions can be carried out numerically, or even analytically in many cases. The value of the sonic velocity as given in Equation (3.12) dan be written in terms of or and the velocity potential, and Is finally expressed as (3.17) CL* ■ a* *-( >M"K * <P ? ) a* 
Application of this method was
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